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Summary  Inverted  pendulum  on  cart  belongs  to  a  class  of  highly  non-linear,  multivariable
and complex  system  which  is  currently  a  keen  area  of  interest  for  researchers  in  the  ﬁeld  of
control engineering  and  robotics.  This  paper  considers  stabilisation  and  control  of  inverted
pendulum  on  cart  moving  on  an  inclined  surface.  The  task  of  controlling  inverted  pendulum  on
inclined surface  is  much  difﬁcult  as  compared  to  that  moving  on  horizontal  surface.  An  ofﬂine
control of  the  proposed  system  has  been  successfully  achieved  using  proportional-integral-
derivative  (PID)  and  fuzzy  controllers.  A  Matlab-Simulink  model  of  the  proposed  system  has  been
built using  mathematical  equations  derived  from  Newton’s  second  law.  The  study  compares  the
proposed techniques  in  terms  of  settling  time,  overshoot,  undershoot  and  steady  state  error.
The simulation  results  are  illustrated  with  the  help  of  graphs  and  tables  which  conﬁrms  the
validity of  the  proposed  techniques.
© 2016  Published  by  Elsevier  GmbH.  This  is  an  open  access  article  under  the  CC  BY-NC-ND  license
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Introduction
Inverted  Pendulum  (IP)  are  non-linear  systems  which  are
objects  of  theoretical  investigation  and  experimentation
in  the  area  of  control  engineering  (Xu  and  Yu,  2004).
It  comprises  of  a  pole  pivoted  on  a  cart  which  can  be
 This article belongs to the special issue on ‘‘Engineering and
Material Sciences’’.
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oved  horizontally.  It  has  inherently  two  equilibrium  states
.e.  a  stable  equilibrium  state  and  a  unstable  equilibrium
tate.  The  control  objective  is  to  bring  the  pole  to  upper
nstable  equilibrium  position.  Various  intelligent  control
echniques  have  been  developed  for  the  control  of  these
on-linear  systems  (Astrom  and  McAvoy,  1992;  Liu  et  al.,
993;  Jang,  1993;  Tao  et  al.,  2008;  Becerikli  et  al.,  2003;  Man
t  al.,  1996;  Abido,  2002;  Fisher  and  Bhattacharya,  2009;
ohnson  and  Moradi,  2005).  The  PID  control  provides  the
implest  and  efﬁcient  control  of  IP  systems.  It  controls  both
ransient  and  steady-state  response  of  non-linear  systems.
icle under the CC BY-NC-ND license (http://creativecommons.org/
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ast  literature  showed  that  researchers  have  shown  keen
nterest  in  the  control  of  IP  system  using  PID  control.  Yusuf
nd  Magaji  (2014)  considered  PID  controller  optimized  with
A  for  control  of  inverted  pendulum  angle.  The  PID  gains
ere  tuned  manually  for  obtaining  an  optimum  response.
he  results  obtained  showed  the  superiority  of  GA-PID  con-
roller  over  conventional  PID  controller.  Dastranj  et  al.
2011)  used  combination  of  PSO  algorithm  and  PID  for  con-
rol  of  non-linear  inverted  pendulum.  The  simulation  results
howed  the  acceptability  of  proposed  approach.  Omatu
t  al.  (2000)  proposed  a  self-tuning  neuro  PID  controller  for
tabilisation  of  an  inverted  pendulum  system.  A  single  input
nd  multi-output  system  is  considered  for  control  of  single
tage  and  double  stage  inverted  pendulums.  The  PID  gains
ere  tuned  using  two  types  of  neural  networks.  The  simula-
ion  results  proved  the  effectiveness  of  proposed  approach.
rasad  et  al.  (2013)  presented  an  optimal  control  of  non-
inear  inverted  pendulum-cart  dynamic  system  using  PID  and
QR  controller.  The  non-linear  states  are  fed  to  LQR  from
tate-space  response.  Simulation  results  justify  the  advan-
age  of  LQR  control.
Dong  et  al.  (2012)  discussed  about  the  problem  of  bal-
ncing  ﬁrst-order  inverted  pendulum  using  PID  and  fuzzy
ontrollers.  The  simulation  results  showed  satisfying  perfor-
ance  and  different  characteristics  of  proposed  schemes.
ang  (2010)  applied  PID  controllers  for  tracking  control
nd  stabilisation  of  three  types  of  inverted  pendulum.  The
aper  illustrated  step  by  step  designing  of  PID  controllers.
he  Lagrange’s  and  state  equation  models  were  used  for
nalysing  relationship  between  three  types  of  inverted
endulum.  Jia  et  al.  (2010)  designed  an  improved  ANFIS  con-
roller  based  on  fuzzy  controller  for  stabilization  of  inverted
endulum  on  inclined  rail.  A  neuro-fuzzy  hybrid  approach
as  used  for  designing  the  fuzzy  rule  base  based  on  sugeno
odel.  Almeshal  (2013)  developed  a  hybrid  fuzzy  control
trategy  for  two-wheeled  robotic  vehicle  having  a  movable
ayload.  The  system  was  designed  to  move  in  different  envi-
onments  and  terrains.  The  Euler—Lagrange  approach  was
sed  for  deriving  model  of  the  system.  Furuta  et  al.  (1980)
roposed  a  digital  control  of  double  inverted  pendulum  on
art,  where  the  cart  is  placed  on  an  inclined  plane.  The  con-
roller  design  was  based  on  linear  servo  control  theory  which
liminates  the  effect  of  rail  incline.  Almeshal  et  al.  (2012)
eveloped  a  two-wheeled  robotic  vehicle  with  ﬁve  degree  of
reedom  (DOF).  The  authors  derived  a  mathematical  model
or  incorporating  a  friction  model  and  plane  inclination  angle
o  provide  vehicle  stability  in  irregular  and  inclined  terrains.
his  paper  presents  a  PID  and  Fuzzy  control  of  IPIS  sys-
em.  The  mathematical  equations  of  motion  for  the  system
ere  developed  using  Newton’s  second  law.  The  governing
quations  were  further  used  to  develop  a  Matlab-simulink
odel  of  the  proposed  system.  The  approaches  were  fur-
her  compared  in  terms  of  settling  time,  steady  state  error
nd  maximum  overshoot.  The  simulation  results  are  shown
ith  the  help  of  graphs  and  tables  which  validates  the  appli-
ability  of  proposed  techniques.athematical modeling of IPIS
his  study  considers  a  variant  of  Inverted  pendulum  system
y  restricting  the  motion  of  cart  on  an  inclined  surface.  The
P
s
sFigure  1  3D  view  of  IPIS.
ystem  comprises  of  a pendulum  of  mass  (m  =  0.1  kg),  length
l  =  0.1  m)  which  makes  an  angle  ()  with  the  vertical  axis
aving  moment  of  inertia  (I  = 0.006  kgm2)  and  pivoted  on  a
art  of  mass  (M  =  0.2  kg).  The  cart  is  free  to  move  on  an
nclined  surface,  inclined  at  an  angle  (  =  10◦).  A  view  of  IPIS
s  shown  in  Fig.  1, where  x1 is  the  horizontal  distance  from
eference  point  to  the  ground  and  x2 be  the  horizontal  dis-
ance  from  ground  to  pendulum  axle.  Let  ‘t’  be  the  thickness
nd  ‘lc′ be  the  length  of  the  cart  in  meter  therefore,
 =  x1 +  x2 (1)
pplying  Newton’s  second  law  following  equations  of  motion
ere  obtained  which  were  further  used  for  building  Matlab-
imulink  model  of  IPIS  system  as  shown  in  Fig.  2.
(I  +  ml2)  −  mglc sin    = x¨mlc(cos    +  tan   sin  )  (2)
 cos    =  (M  +  m)x¨ +  bx˙ cos    +  mlc˙2 sin    −  mlc¨  cos    (3)
ontrol of IPIS using PID and fuzzy approach
ID  control  of  IPIS
he  proportional-integral-derivative  (PID)  controllers  are
he  most  common  form  of  feedback  controllers  used  in  con-
rol  engineering.  Most  of  the  practical  feedback  loops  are
ased  on  PID  control.  The  control  signal  in  PID  is  sum  of  P-
erm  (which  is  proportional  to  the  error),  the  I-term  (which
s  proportional  to  the  integral  of  the  error)  and  the  D-term
which  is  proportional  to  derivative  of  the  error).  The  gen-
ral  representation  of  PID  controller  is  given  in  equation  26
Hanwate  and  Hote,  2014).
(t)  =  kp(t)  +  ki
∫ t
0
e()d  +  kd de
dt
(26)
here  u  is  the  control  signal  and  e  is  the  control  error
e  =  r −  y).  The  controller  parameters  are  proportional  gain
p,  integral  gain  Ki and  derivative  gain  Kd.  In  this  study
wo  different  PID  controllers  were  separately  designed  for
ontrolling  cart  position  and  pendulum  angle.  The  gains
btained  for  cart  controller  are  Kp =  1,  Ki =  0,  Kd =  −1  and  for
endulum  controllers  are  Kp =  −40,  Ki =  −40,  Kd =  −20.  The
ains  for  PID  controllers  were  obtained  using  trial  and  error
ethod  which  makes  the  complete  process  very  tedious.  The
imulation  results  for  cart  position  and  pendulum  angle  using
ID  controllers  are  shown  in  Fig.  3 and  Table  1.
The  simulation  results  showed  that  the  PID  controller
moothly  controls  the  cart  position  with  one  minor  over-
hoot.  The  settling  time  and  maximum  overshoot  obtained
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Figure  2  Matlab-Simulink  model  of  IPIS  subsystem.
Figure  3  Simulation  responses  for  cart  and  pendulum  using  PID  controllers.
Figure  4  Simulation  responses  for  
for  cart  position  were  5.2  s  and  (0.03◦ to  −0.4◦)  respectively.
The  pendulum  angle  stabilises  after  one  overshoot  with  sett-
ling  time  of  6.5.  The  steady  state  responses  were  negligible
using  PID  controllers.
Table  1  Simulation  results  for  cart  position  and  pendulum
angle using  PID  controllers.
Settling  time  (s)  Max.  overshoot
(◦)
Steady  state
error
Cart  position  5.2  s  0.03◦ to  −0.4◦ 0
Pendulum  angle  6.5  s  0.014◦ 0
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acart  and  pendulum  using  FLCs.
uzzy  control  of  IPIS
uzzy  logic  theory  was  introduced  by  L.A.  Zadeh,  in  1965
Zadeh,  1965) and  is  widely  used  when  conventional  reason-
ng  fails.  It  is  a  computational  paradigm  which  is  based  on
pplication  of  linguistic  variables  whose  values  are  words
r  sentences  (Zadeh,  1975).  Fuzzy  logic  has  found  a  wide
pplication  in  designing  of  certain  complex  industrial  and
anagement  systems  which  cannot  be  modeled  precisely
nder  various  assumptions  and  approximations  (Tzafestas
t  al.,  1994). This  paper  considers  7  gbell  membership
unctions  (MFs)  for  designing  of  fuzzy  logic  controllers
FLCs).  Two  separate  FLCs  were  designed  for  controlling  cart
nd  pendulum  respectively.  The  simulation  results  for  cart
190  
Table  2  Simulation  results  for  cart  position  and  pendulum
angle using  FLCs.
Settling  time  (s)  Max.  overshoot
(◦)
Steady  state
error
Cart  position  8.2  s  −13.7◦ 0
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YPendulum  angle  10  s  0.54◦ to  −0.18◦ 0
osition  and  pendulum  angle  using  FLCs  are  shown  in  Fig.  4
nd  Table  2.
The  simulation  results  showed  that  the  FLCs  stabilises  the
art  position  and  pendulum  angle  in  8.2  s  and  10  s  respec-
ively.  The  pendulum  angle  is  smoothly  controlled  after  two
vershoots  and  two  undershoots.
onclusion
his  paper  presented  control  and  stabilisation  of  inverted
endulum  moving  on  a  surface  inclined  at  an  angle  of  10◦
rom  the  horizontal.  An  ofﬂine  control  of  the  proposed  sys-
em  has  been  illustrated.  The  control  strategies  considered
or  stabilisation  were  PID  and  fuzzy  logic  reasoning.  The  pro-
osed  techniques  were  compared  in  terms  of  settling  time,
teady  state  error  and  maximum  overshoot.  Initially  a  PID
ontroller  was  developed  using  trial  and  error  method.  The
esults  showed  better  performance  of  PID  controller  over
ther  controller.  The  number  of  MF’s  considered  for  FLCs  can
e  further  increased  and  rules  can  be  modiﬁed  for  obtaining
etter  results.  It  is  also  observed  that  both  the  controllers
howed  an  excellent  steady  state  response.  As  an  extension
o  future  work  a  neural  network  controller  based  on  PID  and
uzzy  controllers  is  also  being  incorporated  for  control  of
on-linear  IPIS  systems.
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